Abstract. We shall introduce the notion of the Picard group for an inclusion of C * -algebras. We shall also study its basic properties and the relation between the Picard group for an inclusion of C * -algebras and the ordinary Picard group. Furthermore, we shall give some examples of the Picard groups for unital inclusions of unital C * -algebras.
Introduction
In the previous paper [12] we introduced the notion of the strong Morita equivalence for inclusions of C * -algebras. Then in [12, Proposition 2.3] , we showed that the strong Morita equivalence for inclusions of C * -algebras is an equivalence relation. Thus in the same way as in Brown, Green and Rieffel [2] , we can define the Picard group for an inclusion of C * -algebras. Also, in this paper we shall study its basic properties as in [2] and [9] . In the last section, we shall give some examples of the Picard groups for unital inclusions of unital C * -algebras. For a unital C * -algebra A, let M n (A) be the n × n-matrix algebra over A and I n denotes the unit element in M n (A). We identify M n (A) with A ⊗ M n (C).
Let A and B be C * -algebras and X an A − B-bimodule. We denote its left A-action and right B-action on X by a · x and x · b for any a ∈ A, b ∈ B, x ∈ X, respectively. Also, we denote by X the dual B − A-bimodule of X and we denote by x the element in X induced by x ∈ X.
For each C * -algebra A, let M (A) be its multiplier C * -algebra and for any α of A, let α be the automorphism of M (A) induced by α.
Definitions and basic properties
Let A ⊂ C, B ⊂ D and K ⊂ L be inclusions of C * -algebras with AC = C, BD = D and KL = L, respectively. Let Y and W be a C − D-equivalence bimodule and a D − L-equivalence bimodule and X and Z their closed subspaces satisfying Conditions (1), (2) Proof. Let (X ⊗ D Z) 0 be the linear span of the set {x ⊗ z ∈ Y ⊗ D W | x ∈ X, z ∈ Z} for any c ∈ C, y ∈ Y . The restriction of the above isomorphism to A ⊗ A X is an isomorphism of A ⊗ A X onto X by the definition of the strong Morita equivalence for inclusions of C * -algebras (cf. [12, Definition 2.1]). By the above discussions, we can see that g is an isomorphism of Pic(A, C) onto Pic(B, D).
Let α be an automorphism of C such that the restriction of α to A, α| A is an automorphism of A. Let Aut(A, C) be the group of all such automorphisms. We construct an element in Equi(A, C) from an element in Aut(A, C) as follows: Let α ∈ Aut(A, C). Let Y α be the C − C-equivalence bimodule induced by α in the usual way (See [2] , [9, Section 5] ). Let X α be the A − A-equivalence bimodule induced by α| A in the same way as above. Then clearly (X α , Y α ) ∈ Equi(A, C) and for any α, β ∈ Aut(A, C),
in Pic(A, C). Let π be the map from Aut(A, C) to Pic(A, C) defined by
for any α ∈ Aut(A, C). By the above discussions, π is a homomorphism of Aut(A, C) to Pic(A, C). Let u be a unitary element in M (A). Then Ad(u) is a generalized inner automorphism of A. Since AC = C, by Izumi [6] u ∈ M (C). Thus Ad(u) is also a generalized inner automorphism of C. Let Int(A, C) be the set of all such automorphisms in Aut(A, C). We note that Int(A, C) = Int(A). Let ı be the inclusion map of Int(A, C) to Aut(A, C).
Lemma 2.3. With the above notation, the sequence
Proof. Let u ∈ M (A). Then u ∈ M (C). We show that C ∼ = Y Ad(u) as C − Cequivalence bimodules. Let Φ be the map from C to Y Ad(u) defined by Φ(x) = xu * for any x ∈ C. Then for any a ∈ C, x, y ∈ C,
Hence Φ is a C − C-equivalence bimodule isomorphism of C onto Y Ad(u) . Furthermore, since u ∈ M (A), xu * ∈ X Ad(u) for any x ∈ A. In the same way as above, we can see that Φ| Ad(u) is an A − A-equivalence bimodule isomorphism of A onto
In the same way as the proof of [2, Proposition 3.1], we can obtain unitary elements u 1 ∈ M (C) and u ∈ M (A) such that
where (Φ • α −1 , Φ) and ((Φ • α −1 )| A , Φ| A ) are double centralizers of C and A, respectively. Then for any a ∈ A, u 1 a = (
. Therefore, we obtain the conclusion.
Let A ⊂ C be a unital inclusion of unital C * -algebras. Let K be the C * -algebra of all compact operators on a countably infinite dimensional Hilbert space and let
Let L X and L Y be the linking C * -algebras induced by X and Y , respectively. Let [6] . Since p and q are full projections in M (L X ), by Brown [1, Lemma 2.5], there is a partial isometry w ∈ M (L X ) such that w * w = p, ww
for any x ∈ C s . By easy computations, we can see that θ is an isomorphism of pL Y p onto qL Y q. Identifying pL Y p and qL Y q with C s , we can regard θ as an automorphism of C s . We also denote it by the same symbol θ. 
is exact.
Some lemmas
In this section, we shall prepare some lemmas for the next sections. Let A ⊂ C, B ⊂ D and K ⊂ L be unital inclusions of unital C * -algebras. Let E A , E B and E K be conditional expectations from C, D and L onto A, B and K, respectively. We suppose that they are of Watatani index-finite type. Also, we suppose that A ⊂ C and B ⊂ D are strongly Morita equivalent with respect to a C − D-equivalence bimodule and its closed subspace X and suppose that B ⊂ D and K ⊂ L are strongly Morita equivalent with respect to a D − L-equivalence bimodule W and its closed subspace Z. Also, we suppose that 
Hence E X (y) = F X (y) for any y ∈ Y . 
Proof. By the definitions of
Let Φ be the map from
Therefore, we obtain the conclusion. 
for any y ∈ Y , w ∈ W , respectively.
Lemma 3.4. With the above notation and asssumptions,
Proof. By Lemma 3.1, we have only to show that E X⊗B Z satisfies Conditions (1)- (6) 
Lemma 3.5. With the above notation, let Φ be the
By the definition of Φ,
On the other hand, by Lemma 3.4
Therefore we obtain the conclsuion.
The C * -basic construction
Let A ⊂ C be a unital inclusion of unital C * -algebras. We suppose that A ′ ∩C = C1 and that there is a conditional expectation E A of Watatani index-finite type from C onto A. We denote its Watatani index by Ind W (E A ). Then Ind W (E A ) ∈ C1. Let C 1 be the C * -basic construction for E A and e A the Jones projection for E A and let (X, Y ) ∈ Equi(A, C). Let Y 1 be the upward basic construction of Y for E X . Then Y 1 is uniquely determined by Lemma 3.1. We recall that Y is regarded as a closed subspace of Y 1 by the map, which is denoted by
where {(u i , u * i )} i is a quasi-basis for E A , which is independent of the choice of a quasi-basis for E A (See [12] ). Let f be the map from Pic(A, C) to Pic(C,
for any (X, Y ) ∈ Equi(A, C). In this section, we shall show that f is an isomorphism of Pic(A, C) onto Pic(C, C 1 ). First we show that f is a homomorphism of Pic(A, C) to Pic(C, C 1 ).
Lemma 4.1. With the above notation, f is a homomorphism of
where (Y ⊗ C W ) 1 is the upward basic construction of Y ⊗ C W for E X⊗AZ and E X⊗AZ is the conditional expectation from Y ⊗ C W onto X ⊗ A Z with respect to E A and E A . By Lemmas 3.4, 3.5, we can see that there is a C 1 − C 1 -equivalence bimodule isomorphism preserving the elements in Y ⊗ C W . Therefore, we obtain that
Let E C be the dual conditional expectation from C 1 onto C. Let e C and C 2 be the Jones projection and the C * -basic construction for E C , respectively. Then the unital inclusion C 1 ⊂ C 2 is strongly Morita equivalent to the unital inclusion A ⊂ C with respect to the C 2 − C-equivalence bimodule C 1 and its closed subspace C by [12, Lemma 4.2] , where C is regarded as a closed subspace of C 1 by the linear map θ C defined by
for any a ∈ C. Let g be the map from Pic(A, C) to Pic(C 1 , C 2 ) defined by 
Proof. Let (X, Y ) ∈ Equi(A, C). By the definitions of f and f 1 ,
where
by the definition of g. We note that Y 1 is regarded as a closed subspace Y 2 by the linear map
for any c, d ∈ C, x ∈ X. In order to show that f 1 • f = g, we need to prove that
by the definition of E Y (See [12, Section 6] ). Therefore, we obtain the conclusion.
By Lemmas 2.2, 4.2, we can see that (g
where Y 2 is the upward basic construction of
By easy computations, 
Proof. Let y 2 = a 1 ⊗y ⊗ b 1 . Let {(r i , r * i )} be the quasi-basis for E C1 , the dual conditional expectation of E C from C 2 onto C 1 , which is defined by r i = Ind W (E A ) 1 2 w i e C , where e C is the Jones projection for E C . Let F C be the conditional expectation from C 1 , the C 2 −C-equivalence bimodule onto C, the C 1 −A-equivalence bimodule with respect to E C1 and E A , which is defined by
for any c, d ∈ C. Also, let F C be the conditional expectation from C 1 onto C induced by F C . Then by Lemmas 3.2, 3.3, and the definition of E Y1 (See [12] ),
Here since we regard E C (a * 1 c 1 ) as an element in the C 2 − C-equivalence bimodule C 1 ,
Since we regard the element E C (a * 1 c 1 )e C in the C 2 − C-equivalence bimodule C 1 as the element Ind W (E A )
Lemma 4.4. With the above notation,
Proof. Let Φ Y be the isomorphism of
. Therefore, we obtain the conclusion. Proof. This is immediate by Lemmas 4.2, 6.4.
The Picard groups for inclusions of C * -algebras and the ordinary Picard groups
In this section, we shall investigate the relation between the Picard groups for inclusion of C * -algebras and the ordinary Picard groups. Let A ⊂ C be an inclusion of C * -algebras with AC = C and let f C be the homomorphism from Pic(A, C) to Pic(C) defined by
where Pic(C) is the ordinary Picard group of C. In this section, we suppose that AC = C for any inclusions of C * -algebras A ⊂ C. First, we give a simple lemma: Proof. Let a ∈ A, b ∈ B and x, y ∈ X. By [12, Definition 2.1], a · x ∈ X and since Φ| X is a bijection from X onto Z,
Hence Φ| X is an A − B-equivalence bimodule isomorphism of X onto Z.
Let u be a unitary element in M (C) satisfying that uau * , u * au ∈ A for any a ∈ A. We regard Au as an A − A-equivalence bimodule as follows: In the usual way, we regard Au as a vector space over C. We define the left A-action and the right action by a · xu = axu, xu · a = xua = x(uau * )u for any a, x ∈ A. We also define the left A-valued inner product and the right A-valued inner product by
for any x, y ∈ A. Furthermore, Au is a closed subspace of C, the trivial C − Cequivalence bimodule and we can see that [Au, C] is an element in Pic(A, C) by easy computations. Let Aut(A, C) be the group of all automorphisms of C such that α| A is an automorphism of A. Let α ∈ Aut(A, C) and let [X α , Y α ] be the element in Pic(A, C) induced by α, which is defined in Section 2
Lemma 5.2. With the above notation, let α ∈ Aut(A, C). Then the following conditions are equivalent:
Hence there is a unitary element u ∈ M (C) such that α = Ad(u) on C. Since α| A is also an automorphism of A, we can see that uau * , u * au ∈ A for any a ∈ A. Let Φ be the linear map from C to Y Ad(u) defined by Φ(x) = xu * for any x ∈ C. Then by the proof of Lemma 2.3, Φ is a C − C-equivalence bimodule isomorphism of C onto Y Ad(u) . Also, we can see that Φ| Au is an A − A-equivalence bimodule isomorphism of Au onto X α . Indeed, for any x ∈ A, Φ(xu) = xuu * = x ∈ X α . By Lemma 5.1 Φ| Au is an A − A-equivalence bimodule isomorphism of Au onto X α . Let K(M (C)) be the set of all unitary elements u in M (C) such that uau * , u * au ∈ A for any a ∈ A. Then K(M (C)) is a subgroup of the group of all unitary elements in M (C).
Lemma 5.3. With the above notation, for any
Proof. By the definition of the product in Pic(A, C),
in Pic(A, C). Hence we have only to show that
in Pic(A, C). Let Φ be the linear map from C ⊗ C C to C defined by Φ(x ⊗ y) = xy for any x, y ∈ C. Then clearly Φ is a C − C-equivalence bimodule isomorphism of C ⊗ C C onto C. Also, for any x, y ∈ A,
Hence by Lemma 5.1, we can see that Φ| Au⊗AAv is an A − A-equivalence bimodule isomorphism of Au ⊗ A Av onto Auv. Therefore, we obtain the conclusion.
Lemma 5.4. With the above notation, let u ∈ K(M (C)). Then the following conditions are equivalent:
, by the proof of Lemma 2.3, there is a unitary element w ∈ M (A) such that Ad(u) = Ad(w) on C.
in Pic(A, C) by the proofs of Lemmas 2.3 and 5.2.
Let U (M (A)) be the group of all unitary elements in
M (A). Then U (M (A)) is a subgroup of K(M (C)) since M (A) ⊂ M (C).
Lemma 5.5. With the above notation, U (M (A)) is a normal subgroup of K(M (C)).
Proof. Let u ∈ K(M (C)) and w ∈ U (M (A)). Let {w λ } λ∈Λ be a net in A such that {w λ } λ∈Λ is strictly convergent to w ∈ M (A). Then since uw λ u * ∈ A for any λ ∈ Λ, uwu * ∈ U (M (A)). Therefore we obtain the conclusion.
Let K be the C * -algebra of all compact operators on a countably inifinite dimensional Hilbert space. Let A ⊂ C be a unital inclusion of unital C * -algebras and A s ⊂ C s the inclusion of C * -algebras induced by A ⊂ C, where
Then by Proposition 2.4, S(A s , C s ) = Imf C s , where f C s is the homomorphism of Pic(A s , C s ) to Pic(C s ) defined in the same way as in the above. By Lemma 5.2
as groups. Thus, we obtain the following theorem:
Then we have the following exact sequence:
Again, we consider an inclusion of C * -algebras, A ⊂ Cwith AC = C. Let f A be the homomorphism of Pic(A, C) to Pic(A) defined by
where Pic(A) is the ordinary Picard group of A. Let Aut 0 (A, C) be the group of all automorphisms α of C with α = id on A. Then by easy computations, Aut 0 (A, C) is a normal subgroup of Aut(A, C).
Lemma 5.7. With the above notation, let α ∈ Aut(A, C). Then the following conditions are equivalent:
Let π be the homomorphism of Aut(A, C) to Pic(A, C) define by
for any α ∈ Aut(A, C). Let Aut I (A, C) be the subset of Aut(A, C) defined by
Then clearly Aut I (A, C) is a subgroup of Aut(A, C). Also, Aut I (A, C) is a normal subgroup of Aut(A, C). Indeed, let α ∈ Aut I (A, C). Then there is a unitary element u ∈ M (A) such that α(a) = uau * for any a ∈ A. Hence for any β ∈ Aut(A, C) and
since β| A ∈ Aut(A), where β is an automorphism of M (C) induced by β, whose restriction β| M(A) is also an automorphism of M (A). Thus Aut(A, C) is a normal subgroup of Aut(A, C).
Lemma 5.8. With the above notation, let α ∈ Aut(A, C). Then the following conditions are equivalent:
Lemma 5.9. With the above notations, let α ∈ Aut(A, C). Then the following conditions are equivalent:
Proof. 
and by Lemma 5.7,
Thus we obtain the exact sequence
Since 
by Lemma 5.9. By the above discussions, we obtain the following theorem: 
Examples
In this section, we shall give some examples of the Picard groups for unital inclusions of unital C * -algebras obtained by routine computations. Some other examples can be found in [10, Corollary 6.7] . We begin this section with a trivial example. Let A be a unital C * -algebra and we consider the unital inclusion of unital C * -algebra C1 ⊂ A. Before we give the next example, we prepare a lemma.
Lemma 6.2. Let A be a unital C * -algebra satisfying the following sequence
is exact. Then we have the following exact sequence:
Furthermore, 
Z is a vector space over C of dimension 1. Thus there is a unitary element u in A with ||u|| = 1 such that Z = Cu. We note that
Since uu * , u * u are positive numbers and ||u|| = 1, u is a unitary element in A.
Let  be the map from Pic(A) to Pic(C1, A) defined by
for any α ∈ Aut(A). Then by the proof of Lemma 6.2,  is a homomorphism of Pic(A) to Pic(C1, A) with f A •  = id on Pic(A). Also, let κ be the map from U (A) to Kerf A defined by κ(u) = [Cu, A] for any u ∈ U (A). Then by Lemma 5.4, Kerκ = U (A ∩ A ′ ) and κ is surjective. Hence we obtain the following example. Example 6.3. Let A be a unital C * -algebra satisfying the following sequence
We go to the next example. Let A be a unital C * -algebra satisfying the following sequence 1 −→ Int(A) −→ Aut(A) −→ Pic(A) −→ 1 is exact. Let n be any positive integer with n ≥ 2. We consider the unital inclusion of unital C * -algebras a ∈ A → a ⊗ I n ∈ M n (A), where I n is the unit element in M n (A). We return to the unital inclusion of unital C * -algebras a ∈ A → a⊗ I n ∈ M n (A). By Lemma 6.5, 
